Introduction
Data Envelopment Analysis appeared in 1978 when the first model, known as CCR was proposed by Charnes et al. (1978) . This model calculates the efficiency of productive units, known as DMUs -Decision Making Units, by comparing the use of resources (inputs) and the production (outputs) obtained. This model considers Constant Returns to Scale (CRS), i.e., an increase in resources generates a proportional increment to products. This proportion is constant for all DMUs. An important issue regarding the original CCR model is that all data and variables must be non-negative.
The BCC model proposed by Banker et al. (1984) introduced the hypothesis of variable returns to scale to the DEA models. In this model there is no proportionality between increments in resources and the correspondent increments in products. Among its other characteristics, this model allows the use of negative variables due to some invariability properties in the data translation procedure (Pastor, 1996 , Thrall, 1996 , Iqbal Ali & Seiford, 1990 . In addition, Sharp et al. (2007) , Duzakin and Duzakin (2007) , Portela et al. (2004) and Sueyoshi (2004) presented examples of DEA models that deal with negative outputs or inputs, including some sophisticated theoretical formulations.
The efficiency achieved by the DEA models was always taken as non negative. In the specific case of classic input orientated models (radials, CCR or BCC), the immediate result of the objective function is the efficiency, measured in the interval [0, 1] . This is an immediate consequence of the formulation of the multipliers model, because a set of restrictions establishes that the weights or multipliers are calculated in such a way as to maximize the efficiency of the DMU under analysis. However, a second group of restrictions determines that those multipliers, when used to evaluate other DMUs, cannot generate efficiencies higher than 1. So given that all of the multipliers are not negative, and that the variable data are not negative either, the weighted sum that calculates the efficiency is measured in the interval [0, 1] .
In the case of the DEA-BCC model, the multipliers model was originally obtained through the dual of its envelope formulation. This model holds an equality restriction such that it finds a convex frontier. The multipliers model in the dual envelope method has a free variable. This means that we cannot guarantee the non negativity of the efficiencies when the multipliers of a DMU are used to evaluate another DMU. When working with the classic DEA models this is not a problem, but negative efficiencies can be generated in typical situations of Cross Evaluation (Sexton et al., 1986 , Doyle & Green, 1994 or in the calculation of some non-radial efficiencies (Lins et al., 2004 , Quariguasi Frota Neto & Angulo-Meza, 2007 .
In this chapter it will be shown that the input orientated DEA BCC model can generate negative efficiencies, which are usually hidden in the model. Using a two-dimensional example (one input and one output), the condition for the possible occurrence of negative efficiencies will be shown. Furthermore, we will show that a small intuitive change in the BCC multipliers model fixes this situation. However, we will show that this modification generates a major change in the dual envelope model, producing alterations to the frontier. We give an interpretation for this new dual model using a non-observed DMU.
Numerical examples will be presented. The first example has two variables, one input and one output. It will be geometrically shown that the modified model causes a change in the efficient frontier. These changes will be interpreted by the introduction of a non-observed DMU. In this first example, the DMU causing negative efficiency in other DMUs has a reduction of its efficiency in the modified model. This reduction does not occur in the second example (two inputs and one output). This happens due to the optimum multipliers set multiplicity.
We will show that the negative efficiencies mentioned in this chapter apply neither to the CCR model nor to the output orientated BCC model. The latter has a restriction in the multipliers model that is of the "greater than" or "equal to" type, ensuring the non negativity of the efficiency measures.
Aside from simple numerical examples, we will also use the proposed theoretical approach to assess the efficiency of cattle breeders in some Brazilian municipalities 2. DEA models -general aspects DEA uses mathematical programming problems to estimate a piecewise linear efficient frontier. DEA can deal with multiple inputs and outputs to calculate the efficiency of the firms, or production units, or DMUs. DEA optimizes each individual observation in order to estimate an efficient frontier (piecewise linear), composed of the units with the best practices within the evaluation sample (Pareto-Koopmans efficient units). These firms are references or benchmarks for the inefficient ones.
There are two classic DEA models. The CCR model (also known as CRS or constant returns to scale), which deals with constant returns to scale (Charnes et al., 1978) and assumes proportionality between inputs and outputs. The BCC model (or VRS), due to Banker et al. (1984) , assumes variable returns to scale, i.e. replaces the axiom of proportionality by the axiom of convexity (Lins & Angulo-Meza, 2000) . Traditionally, there are two orientations to these models: input oriented, if we want to minimize the resources available, without changing the level of production; oriented to outputs, when the goal is to increase the production, without changing the amount of inputs used. See Cooper et al. (2004) for details. A usual DEA assumption is that resources and products are subject to physical measurement. However, this is not strictly necessary and proxies can be used (Souza, 2006 ).
The CCR model constructs a non-parametric piecewise linear frontier involving the data. As mentioned before, it assumes constant returns to scale, that is, any change in inputs produces proportional variation in the outputs. This model determines the efficiency by dividing the weighted sum of the outputs (virtual output) by the weighted sum of the inputs (virtual input), generalizing thus the definition of Farrell (1957) . The model allows each DMU to choose the weights for each variable (input or output) in the way that is more benevolent. These weights when applied to other DMUs cannot produce a ratio greater than 1. These conditions are formalized in (1), where each DMU k, k = 1...n, is a production unit that uses r inputs x ik , i = 1...r, to produce s outputs y jk , j = 1...s; x i0 and y j0 are the inputs and outputs of DMU 0; u j and v i are the weights calculated by the model for inputs and outputs, respectively. 
The fractional programming problem (1), which must be solved for each DMU, can be transformed into a Linear Programming Problem (LPP). To do so, we may impose that the denominator of the objective function should be equal to a constant, usually unity. This linear formulation of the CCR model is presented in (2) and is called Multipliers Model with input orientation. 
There are two equivalent, dual, formulations for DEA. Simply put, we can say that one of the formulations, the Multipliers model, deals with the ratio of weighted sums of products and resources, with the weighting chosen to be more favourable to each DMU, subject to certain conditions. The other formulation, the Envelope model, defines a feasible region of production and works with projections of each DMU in this frontier.
In ( 
The DEA-BCC model was proposed for dealing with situations whereby the proportionality between inputs and outputs is not constant along the efficient frontier, thereby forming a variable returns to scale (VRS) frontier. The BCC model was originally obtained by adding a convexity restriction to the formulation of the CCR envelope model (3). This new restriction 
In these models, the variable u * indicates if the observed DMU is found in the area of increasing, constant or decreasing returns to scale. This variable also represents the independent term in the supporting hyper-plane equation and can assume any real value as shown in Fig. 1 . As was previously mentioned, this is the dual variable corresponding to the envelope model equality restriction. When this term is strictly positive the DMU works in the increasing returns to scale part of the efficient frontier. When it is equivalent to zero it has constant returns, and when is strictly negative it is in the decreasing returns to scale part of the efficient frontier.
In order to model and to interpret correctly the DEA results it is necessary to know their models properties. Two of the most important are (Gomes et al., 2009 ):
 In any DEA model, the DMU that has the best value of the ratio     output j input i will always be efficient. This property requires the existence of a causal relationship between each output and each input. Ignoring this relationship can lead to meaningless results. 
The CCR model, which in its fractional form is a zero degree homogeneous function. Its main property is the proportionality between inputs and outputs at the frontier. As a consequence, an increase (decrease) in the amount of inputs will cause a proportional increase (decrease) in the value of their outputs.
Negative efficiencies in the DEA BCC model
In model (4), it should be noted that when the multipliers of the DMU 0 are used to evaluate other DMUs, the expression This means that the efficiency of DMU j, when evaluated with the multipliers of the DMU 0, may be negative. This may occur when the DMU 0 is in the decreasing returns to scale portion of the frontier. Negative efficiencies were detected, but not studied, by Soares de Mello et al. (2002) .
In the case of just one output, r =1, we are able to derive a condition to determine when negative efficiencies will appear in the restrictions for a specific DMU j. This happens when
. Table 1 shows both data and results of a numerical example with one input and one output, illustrating the situation previously described. It is important to highlight that multiple optimum multipliers exist for efficient DMUs (Rosen et al., 1998 , Nacif et al., 2009 , Soares de Mello et al., 2002 and we here used the first multipliers found by the software SIAD (Angulo-Meza et al., 2005) . Note that in Table 1 Table 1 . Numerical example -one input and one output. Table 2 presents the DMUs' efficiencies calculated using the multipliers of the others, in an approach similar to the Cross Evaluation (Sexton et al., 1986 , Doyle & Green, 1994 . In this Table 2 . Cross efficiencies for the numerical example presented in Table 1 .
In Table 2 , we can observed that when using the output multiplier of the DMU A u A = 0.375, and the independent term, u *A =-2.750, three negative efficiencies are obtained. This happens for DMUs B, C and E. The outputs of these DMUs are less than 7.333 (result of
). These results have no interpretation in the classic theory of efficiency. Furthermore, these implicit negative efficiencies may be the main reason for the use of Cross Evaluation only with constant returns to scale (CRS) DEA models
Proposed DEA BCC model with non-negativity constraint
The problem of negative efficiencies can be easily solved by imposing an additional constraint for each DMU, as shown in model (5). This model is called the Modified Input Orientated DEA BCC Model. It should be mentioned that a similar approach for specific cases was proposed by Wu et al. (2009) 
The linear form of model (5) is presented in (6). In this model, each restriction Table 3 shows the results of model (6) using the data in Table 1 . The results show that the Modified Input Oriented BCC Model has changed the efficiency of DMU A. According to this new model, DMU A has become inefficient, because it was the only one that generated negative efficiencies when used to evaluate other DMUs. In fact, the term -u *A /u A of DMU A is equal to 5.00, being the lowest output value in the set of DMUs.
Once again we used the multipliers obtained with model (6) to calculate the Cross Evaluation Matrix for all DMUs. The results are presented in Table 4 . Observe that all of the evaluations carried out by all DMUs generate efficiencies between 0 and 1. It is interesting to note that DMU B, when evaluated by DMU A has an efficiency of 0, i.e. the non-negative restriction is an active restriction. In classic DEA models the null efficiency can only appear when all of the outputs are null. 
DMU

Interpretation of the additional restriction
At this point it is important to discuss the effects on the efficient frontier caused by the new restriction. In Thanassoulis & Allen (1988) it was shown that multipliers restrictions can be replaced by one or more unobserved or artificial DMUs, i.e. DMUs that do not exist in the original data set. As the restrictions of non-negativity, one for each DMU, are in fact multipliers restrictions, they can be replaced by unobserved DMUs. So, the efficient frontier in the model with non-negativity constraints may also depend on inefficient DMUs. Specifically, the inefficient DMUs that may change the frontier are those with, at least, one negative cross efficiency in the classic model.
Analysing the results of the numerical example, we observe that DMU A was the only one whose efficiency was altered by model (6). As a result, the modified model frontier may be obtained including a non-observed DMU. The output of this non-observed DMU is the same output of DMU A. The input of the non-observed DMU is obtained by multiplying DMU A actual input by DMU efficiency in the modified model. For our numerical example the nonobserved has an output of 10 and an input of 1.6667. The geometric representation here above is valid only for the one input and output case. The multidimensional case can be interpreted only using the dual formulation of the modified BCC model. This formulation is presented in (7). 
The additional restrictions of model (6) -one for each DMU, generate the same number of additional decision variables in the dual model (7). These variables are called '
 . It should be noted that when the sum of all '  is not null, then the sum of  won't be unitary.
Therefore, in this case, there won't be any guarantee of convexity in the modified model.
From the Complementary Slack Theorem, we know that '
 times the corresponding restriction slack must be null. Consequently, '
 can only be other than zero, if the slack in the corresponding additional restriction of model (6) is null. This happens when the corresponding additional restriction is active. This means that the DMU corresponding to the active restriction would have negative efficiency using DMU 0 multipliers.
In the previous numerical example, only DMU A had its efficiency changed due to the additional restrictions, and this change was caused by the non-negativity restriction relative to DMU B. So, all '
 for DMU A are null, except B '  .
Three-dimensional numerical example
To illustrate the modified BCC model in situations with more than two variables, we will present a new numerical example. Table 5 shows data for the numerical example with seven DMUs, two inputs and one output. The variables' multipliers and efficiencies are depicted in the same Table 5 . Data and results for the three-dimensional numerical example.
As we can observe, the u * of DMU B is negative. When the multiplier of the sole output (u = 1.30) and the independent term (u * = -0.300) from DMU B are used to evaluate the other DMUs, negative efficiencies will appear for DMUs that have an output value inferior to 0.231. The DMUs that have output inferior to this value are C, D, E, F and G, whose efficiencies will be negative. The Cross Evaluation Matrix (Table 6 ) illustrates these comments.
The results of the modified BCC model are depicted in Table 7 . Note that the modified model didn't change the efficiency of any DMU. This happened because DMU B, which generated negative efficiencies when evaluating the others, is also efficient in the modified model. This is due to the multiplicity of the optimum multipliers set previously mentioned. 
Case study
We will use the modified DEA BCC model to evaluate the efficiency of some livestock systems.
The central structure in the beef cattle production chain is the biological system of beef production, including the various stages of creation (cow-calf production, stocker production, feedlot beef production) and their combinations, around which the producers are grouped. In Brazil, the cow-calf beef cattle phase occurs predominantly in an extensive continuous grazing, with native and/or cultivated pastures, encompassing: calves (until weaning or even one year old), cows, heifers and bulls. The cow-calf phase is the lower profitability activity and the one of major risk. However, it supports the entire structure of the beef production chain.
This case study, by using the Modified DEA BCC models here proposed, seeks to assess the comparative performance of extensive livestock modal production systems in its cow-calf phase, in some municipalities of Brazil. The objective is to measure the performance of the cattle farmer's decision regarding the composition of the production system, which has a direct impact on the expenditures and on the income generated. A study carried out with the same dataset and based on DEA BCC model with weights restrictions can be found in Gomes et al. (2011) .
Data source
Primary data were collected through the panel system, which allows the definition of representative farms, as proposed by Plaxico and Tweeten (1963) .
Despite the difficulty of characterizing a single property and a production system that is representative of the locality under study (here the city/municipality), this method looks through the experience of the participating farmers to characterize the property that is the most commonly found in the region. In some cases, the impossibility of determining this typology imposes the specification of more than one representative property or production system.
The panel is a less costly procedure of obtaining information than the census or the sampling of farms. Another advantage is that it provides greater flexibility and versatility in data updating, without affecting their quality. The technique consists in a meeting with a group of one or more researchers, one technician and eight regional farmers, on average (it can range from five to ten). Meetings are scheduled in advance, with the support of rural unions and regional contacts. The subjects and numbers, determined previously in interviews with local technicians, are discussed with the farmers. At the end of that debate, one can say that any characterization of the typical farm in the region has the consent of the farmers. Thus, productivity rates, establishment costs, fixed and variable costs, i.e., all the numbers resulting from the panel, tend to be fairly close to the regional reality.
It is noteworthy that the rates and the costs reported by each participant are not related to their properties, but with a single farm, declared at the beginning of the panel as the one that best represents the scale of operation and the production system of most of the local properties.
This study evaluated 21 beef cattle modal production systems that performed only the cowcalf phase, in seven states of Brazil. The data, derived from the indicators of the project developed by the Centro de Estudos Avançados em Economia Aplicada and the Confederação da Agricultura e Pecuária do Brasil, were collected in municipalities of these seven states: Mato Grosso do Sul -MS (eight), Goiás -GO (four), Rio Grande do Sul -RS (one), Minas Gerais -MG (four), Tocantins -TO (two), São Paulo -SP (one) and Bahia -BA (one). Panels with the farmers, with the support of the local rural technical assistance, were performed to collect the data, according to the methodology described in Centro de Estudos Avançados em Economia Aplicada (2010).
Modelling
DMUs
The objective of the DEA model proposed here is to measure the performance of the farmer's decision regarding the composition of the rearing production system. Thus, the DMUs are the 21 modal systems, identified from the panel discussions in 21 cities in seven Brazilian states.
Variables
The technicians and researchers mentioned in item 7.1, analysed the variables set and immediately identified those relevant to our study. They selected "number of bulls" as the input variable, since this variable represents a significant portion of all total expenditures of the ranchers that produce calves, being directly linked to the quality of animals that will be sold in these systems. This is also the only category that is purchased from other herd, especially in ranches with herds of genetic selection.
The products of the system that generate the main revenue from the cow-calf systems were chosen as the outputs variables. These are the "number of calves on the herd" and the "number of cull cows". All calves produced are sold on the property and generate income. Cull cows are those that are sold, as they are no more be part of the herd production system, either by higher age or by reproductive performance lower than desired.
The variables indicated by experts need to be examined by analysts to determine whether they conform to the properties required by the DEA models. In particular, there must be a causal relationship between each input-output pair (Gomes et al., 2009 ). There is a clear causal relationship between the output "number of calves on the herd" and the input "number of bulls". The same cannot be said of the relationship between the input and the output "number of cull cows". Actually, there is no direct causal relationship between these variables; however there is a cost-benefit relationship. In the case the rancher has a great number of bulls (that represent an expense) he must earn more, either through the sale of calves or cows. Therefore, the "bulls -cull cows" ratio makes sense when using DEA to analyze cost-benefit ratios, and not just pure productive relations. This interpretation of DEA was introduced by Womer et al. (2006) and was used by Kuosmanen & Kortelainen (2007) , Kuosmanen et al. (2009) . Generalizations of this usage can be seen in Bougnol et al. (2010) . Table 9 presents the data. It appears that the herds are of different scales of production.
Model
In this chapter we use the DEA BCC model, since there was no evidence of proportionality between inputs and outputs, and the scales of production are known to differ between the modal systems.
We chose the input oriented model, since the objective is to evaluate the performance regarding the farmer's decision, which is based upon the purchase of bulls, on the most efficient use of the breeding animals kept on the herd, as a strategy to reduce costs. Table 10 shows the efficiency measurements and the multipliers based on the classic DEA BCC model. The value of u * for DMU3, DMU5 and DMU8 are negative. When the multipliers of the outputs and the u * are used to evaluate other DMUs, negative efficiencies will appear. Table 9 . DMUs, inputs and outputs.
Results
efficiency may be all due to mathematical distortions. The use of the modified DEA BCC model may help to identify if an efficient by default DMU is really efficient. In our case study, Aquidauana loses its efficiency when using the proposed modified DEA BCC model. We can conclude that its efficiency in the DEA BCC model is due only to a mathematical distortion. DMU5 and DMU9 present a loss of efficiency, and although not efficient by default they are very close to this situation. Further studies are needed to better explain the figures for theses DMUs. Table 11 . Results based on the Modified DEA BCC model, input oriented (Eff = Efficiency).
Other DMUs present similar results in both models. DMU7 and DMU 21 (Carlos Chagas and Uberlândia) are efficient. Uberlândia has the lowest input value and so it is also an efficient by default DMU. As this DMU is located in the decreasing returns to scale region, the modified DEA BCC model does not help to decide if it is really efficient or not.
The production systems developed Carlos Chagas is a medium scale one. The reproductive indexes of the cow matrix are very good, reflecting the good husbandry with breeders' efficient use. That is, the system showed proportionally greater production of calves for sale, with a smaller number of bulls purchased (within the range of each system). It is interesting to point out that in the study performed by Gomes et al. (2011) , based on a DEA BCC model with weights restrictions and with the same dataset, Carlos Chagas and Uberlândia were the production systems that were more referenced as benchmarks (76% of non-zero contributions in the formation of the targets of the inefficient DMUs). The authors state that these modal systems can serve as a reference for the others, when assessing the performance of the cattle farmer's decision in relation to the production criteria. However, it is important to stress again that the DMU Uberlândia is efficient by default, and there must be some caution when indicating it as a benchmark.
One other advantage of the modified DEA BCC model is to allow the use of Cross Evaluation for the variable returns to scale situation as shown in Table 12 . This matrix leads to the Cross Evaluation ranking shown in Table 13 .
In Table 13 we can see that DMU3, Aquidauana, which was efficient with the original BCC model, has now one of the lowest efficiency measures when using the modified DEA BCC model and the cross evaluation technique. We can conclude that this DMU is a maverick, i.e. it is a false positive. Table 13 . Final ranking using the average cross evaluation index with the modified BCC model.
DMU
Concluding remarks
In this paper it was shown that the input orientated DEA BCC model can generate negative efficiencies that are usually hidden in the model. With the help of an example of one input and one output, the condition for the possible occurrence of negative efficiencies was shown. Furthermore it was shown that a small intuitive change in the BCC multipliers model avoids that situation.
The inclusion of a new set of restrictions in the BCC multipliers model generates an important modification in the dual of the envelope model. The new dual model, with a new set of variables, may change the efficient frontier.
Two numerical examples were presented in this article. The first example has two variables, one input and one output. It was geometrically shown that the modified model causes a change in the efficient frontier. These changes were interpreted by the introduction of a nonobserved DMU. In this first example, the DMU causing negative efficiency in other DMUs has a reduction of its efficiency in the modified model. This reduction did not occur in the second example (two inputs and one output). This happened due to the optimum multipliers set multiplicity.
A real case study was carried out with the Modified DEA BCC model here proposed, regarding the evaluation of 21 Brazilian beef cattle modal production systems that performed only the cow-calf phase. The DMUs that could cause negative efficiencies were identified, and the new efficiencies were calculated. We could observe that most of the evaluated systems work with increasing returns to scale and lose efficiency. That is, they could produce more and adjusted the scale if they invest in balancing the number of bulls in the herds. The production systems in the municipalities of Carlos Chagas and Uberlândia are examples of this balance between investment in higher production of bulls and calves for sale, within ranges consistent with the income of ranchers.
It is very important to observe that the negative efficiencies mentioned in this paper apply neither to the CCR model nor to the output orientated BCC model. The latter possesses a restriction in the multipliers model that is of the "greater than" or "equal to" type, guaranteeing the non negativity of the efficiency measures.
Finally, another situation susceptible to the appearance of negative efficiencies in DEA context is when extending the MCDEA model (Li & Reeves, 1999) to the variable returns to scale assumption, especially if the MCDEA-TRIMAP efficiency is used . Future studies should verify the conditions in which the phenomenon of negative efficiencies occurs in the MCDEA model, and how to avoid them.
